In this paper, we study indefinite centroaffine surfaces with vanishing generalized Pick function. We give a classification of such surfaces.
Introduction
In equiaffine hypersurface theory, the following theorem is well known:
Theorem (Maschke-Pick-Berwald). Let M n be a locally strongly convex hypersurface in R n+1 . If the Pick invariant J vanishes on M n , then M n locally is a hyperquadric (see, e.g., [6, 11] ).
The Pick invariant is defined as the squared norm of the cubic form (modulo a constant positive factor). Hyperquadrics form the simplest class of hypersurfaces in the affine theory, and, for locally strongly convex hypersurfaces, the theorem of Maschke, Pick, and Berwald gives a characterization of this class in terms of the vanishing of a function [1, 2, 13, 14] . Assuming only
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regularity instead of convexity, the theorem is not valid in this form. Instead, one can characterize all regular hyperquadrics in terms of the vanishing of the cubic form. This characterization can be extended to any relative geometry on a hypersurface in a modified form. To state such extensions, we sketch some basic notions and refer to [19] for a more detailed study of relative geometry.
For a given regular hypersurface x : M n → R n+1 , consider the class of relative normalizations given by a pair Y, y, where Y denotes a conormal field and y a relative normal such that Y (y) = 1 and Y acts on y via duality on R n+1 . Each relative normalization induces a pair ∇, G of fundamental invariants where ∇ denotes the induced relative connection and G the relative metric, and all relative metrics define a conformal class on M n . We denote by ∇(G) the Levi-Civita connection of the metric, by C := ∇ − ∇(G) the symmetric difference (1, 2)-tensor, by C the associated totally symmetric cubic form, G(X, C(Y, Z)) =: C(X, Y, Z), and by T and T its Tchebychev form and Tchebychev field, respectively, n T (
The traceless part of C, defined bỹ
is independent of the relative normalization and is an invariant of the class of relative geometries on M n ; its vanishing characterizes quadrics; see [15, 16] and [19, p. 89] .
In any relative geometry, from the above traceless tensor one can define a Pick-type function by C 2 , where the norm is induced by the relative metric G. As any two metrics G and G # differ by a positive function q on M n , namely G # = qG, the associated Pick-type functions satisfy
thus such a Pick-type function depends on the choice of the relative metric; but if we choose the so-called centroaffine normalization, the invariant C 2 only depends on the hypersurface x itself; taking the norm with respect to the centroaffine metric, we callJ satisfying n(n − 1)J := C 2 the generalized Pick function. Obviously the equationJ = 0 is equivalent to C 2 = 0 in any relative geometry on x. While the equation C 2 = 0 characterizes hyperquadrics within the class of all locally strongly convex hypersurfaces, the situation is different for indefinite hypersurfaces. In the following we classify all indefinite surfaces in R 3 where this invariant vanishes. We restrict to so-called centroaffine surfaces where the position vector x is transversal to the surface and thus can be used as relative normal. This special choice is appropriate for our classification, as the invariantJ only depends on x itself. Under additional assumptions on certain centroaffine invariants we finally give a more detailed classification of centroaffine surfaces with vanishing general Pick functionJ .
Centroaffine hypersurface in R R R n+1
In this section, we recall some fundamental notions for centroaffine hypersurfaces in R n+1 . For details we refer to [7] or [19, 20] . Let x : M → R n+1 be a hypersurface immersion such that x is transversal to x * (TM) at each point of M. We define a symmetric bilinear form G on TM by
where [ ] is the standard determinant in R n+1 and {E i } is a local basis for TM with dual basis {θ i }. G is globally defined on M and invariant under centroaffine transformations of R n+1 .
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A hypersurface x with transversal position vector (also denoted by x) is called a centroaffine hypersurface if G is nondegenerate. The transversal position vector is used as a relative normal and thus it induces the centroaffine connection ∇ and the centroaffine metric G via the Gauss structure equations. We say that a hypersurface is definite (or indefinite) if G is definite (or indefinite). For a centroaffine hypersurface x with local basis {E i }, connections are determined by their Christoffel symbols; let ∇ = {Γ k ij } be the induced connection of x and ∇ = { Γ k ij } be the LeviCivita connection of the centroaffine metric G; moreover, denote by C ij k the components of the totally symmetric centroaffine cubic form. In the following, we adopt the Einstein summation convention. Then
and the centroaffine Fubini-Pick form for x reads C = C ij k θ i θ j θ k . The Tchebychev vector field T and the Tchebychev form T satisfy
It is well known that T and T are centroaffine invariants. The centroaffine Tchebychev operator T is defined by
where X ∈ TM (cf. [7] ) and the comma indicates covariant differentiation in terms of the LeviCivita connection of G.
As stated in the introduction, from C and T one can define the traceless symmetric cubic form
and the functioñ 8) where X, Y, Z ∈ TM and J is the classical centroaffine Pick invariant, while
As pointed out in the introduction, the symmetric (1, 2)-tensor fieldC is independent of the choice of the relative normalization of x, while the totally symmetric cubic form (0, 3)-tensor with componentsC ij k multiplies with a factor if one changes the normalization. Traceless cubic forms in relative geometry first were studied by U. Simon ( [15, 16] ; see also [19, Section 5] ) and by Nomizu and Pinkall (see [11] ); the forms extend the cubic Pick form in A u t h o r ' s p e r s o n a l c o p y unimodular geometry which is traceless (the apolarity condition). In the case of an equiaffine normalizationC coincides with the cubic form of so-called Blaschke hypersurfaces. For further interesting properties ofC we refer to [3, 5, 7, 8, 19] .
We recall the definition of the relative support function of a regular hypersurface. If , : (R n+1 ) * × R n+1 → R describes duality via a bilinear nondegenerate form, the relative support function of the hypersurface x, equipped with a relative normalization (Y, y), is defined by ρ = Y, −x , and ρ is nonzero for a hypersurface with transversal x. As ρ = 1 in case of the centroaffine normalization, using the position vector as relative normal, for any relative normalization the expression ρ − 1 G satisfies ρ −1 G = G(c) where G(c) denotes the centroaffine metric, thus this nondegenerate bilinear form does not depend of the choice of the relative normalization, which consequently also holds for the invariant C 2 , where the norm is taken in terms of the centroaffine metric. This was sketched in the introduction when we introduced the generalized Pick functionJ := 1 n(n−1) C 2 which is independent of the relative normalization of x. As already stated, from this it is obvious that the centroaffine geometry is also appropriate for the investigation of hypersurfaces satisfying the equationJ = 0. 
Centroaffine surfaces with indefinite metric in R R R 3
Let x : M → R 3 be an indefinite centroaffine surface. We introduce local asymptotic coordinates (u, v) of G such that
for some local function w. Using appropriate functions λ, μ, ϕ, ψ we define 1-forms
and cubic forms
Then we have the following structure equations [7] 
and the integrability conditions
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2w uv + e −4w ϕψ − λμ + e 2w = 0, (2.5)
Let , be the inner product of the forms on M induced by the centroaffine metric G. Then, by the definition of the centroaffine metric, the Tchebychev form, and the forms Λ, M, Φ and Ψ , we have [7, 3 .21 and 3.22]
where, as before, J is the Pick invariant and κ the Gauss curvature of G. We have the following propositions:
Proposition 2.1. 
Indefinite centroaffine surfaces withJ = 0 in R R R 3
Let x : M → R 3 be a centroaffine surface with indefinite metric G. From (2.9) we know that ϕψ ≡ 0 if and only if the generalized Pick functionJ of x vanishes identically. By Proposition 2.1 we know that ϕ = ψ ≡ 0 implies that the surface is a quadric. So in the following we can assume that locally ϕ ≡ 0 and ψ = 0. Then we have the following 
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Proof. Assume thatJ = 0. By (2.9) we know that ϕψ = 0. Locally we can take ϕ = 0. From (2.3) we know that ϕ = 0 if and only if [x, x u , x uu ] = 0. The vanishing of the determinant gives a linear dependence of the vector fields x, x u , x uu on M. In the special case that this linear dependence can be expressed in terms of constants α and β such that x uu = αx u + βx on M, we can solve this equation and get three cases:
where f (v), g(v) ∈ R 3 are functions of one variable; the fact that x is transversal yields
In the general case the linear dependence implies that there exist functions 
From λμ = 1 and λ u = 0 we get μ u = 0. Then λ v = μ u = 0. Thus we obtain that λ is constant. The relation λμ = 1 yields that μ is also constant. The equation
Then the structure equations of the surface read
where λ and μ are constant, λμ = 1, ψ = ψ (v) . From the first equation of (3.2) we get 
Therefore, if the surface has constant Gauss curvature κ, it is centroaffinely equivalent to one of the surfaces given by Theorem 3.2.
Proof. Since the surface is Tchebychev, from (2.6) and Proposition 2.2 we get
where Δ = 2e −2w ∂ ∂u ∂ ∂v . From (2.5) and (2.10) we obtain 2w uv − λμ + e 2w = 0,
Therefore, κ = constant yields κ = 0. 2 Remark 3.2. From [17] we know that the conditions (i) the centroaffine metric is flat, (ii) the centroaffine metric is extremal for the centroaffine area functional are independent on the choice of the normalization.
Remark 3.3.
For the surface with κ = 1 andJ = 0, from (2.11) we know that T ≡ 0. Then ∇C = 0 or ∇T = 0 yield that T ≡ 0 [10] . Thus the surface is a proper affine sphere with constant centroaffine sectional curvature κ = 1. For proper affine spheres the centroaffine and the equiaffine (unimodular) geometries coincide (modulo a constant positive factor), thus the affine sphere has constant positive unimodular Gauss curvature. Moreover, the unimodular Pick invariant vanishes identically (from T = 0 the centroaffine and the unimodular Pick invariant are the same modulo a constant positive factor, thus both vanish according to the assumptions, see [17] ).
There is a classification of all affine spheres with constant unimodular curvature (see [12] , [18, Theorem 4.3.1]), and here a Theorem of Radon applies in case J = 0. Thus one arrives at a classification in case κ = 1. The surface x 2 x 3 = −x 2 1 + 1 given by the classification theorem for the homogeneous surface in [9] (type v with α = 0) satisfies κ = 1, T = J =J = 0 (it is an affine sphere and can be written as x = (ve u , e u , −v 2 e u + e −u ), the centroaffine metric G = −du 2 + e 2u dv 2 ).
